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In most attempts for building the mathematical foundations of Quantum Fields 
Theory (QFT) two classical ways have been explored. The first one is often referred 
to as the Feynman integral or functional integral method. It is a generalization to 
fields of the path integral method for quantum mechanics and is heuristically based on 
computing integrals over the infinite dimensional set of all possible fields (p by using a 
kind of 'measure' — which should behave like the Lebesgue measure on the set of all 
possible fields — times e*^*-'^-'/'', where £ is a Lagrangian functional (but attempts 
to define this 'measure' failed in most cases). The second one is referred to as the 
canonical quantization method and is based on the Hamiltonian formulation of the 
dynamics of classical fields, by following general axioms which were first proposed 
by Dirac and later refined. The Feynman approach has the advantage of being 
manifestly relativistic, i.e. it does not require the choice of a particular system of 
space-time coordinate, since the main ingredient is C{(f)), which is an integral over all 
space-time. However the canonical approach, at least its classical formulation, seems 
to be based to the choice of a particular time coordinate which is needed to define 
the Hamiltonian function through an infinite dimensional Legendre transform. 

However they are alternative formulations of the Hamilton structure of the dy- 
namics of classical fields, which could be used as a starting point of a covariant canon- 
ical quantizatior^ We shall see two of them in this text: the covariant phase space 
and the multisymplectic formalism. The covariant phase space is based on the obser- 
vation that the set of classical solutions to a variational problem, i.e. of critical points 
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of some action functional £(0), has an intrinsic canonical symplectic (or presymplec- 
tic) structure. The multisymplectic formalism is a generalization of the standard 
symplectic formalism, where the time in classical mechanics is replaced by the space- 
time: for instance if we start from a Lagrangian action £(0) = j]^ L{x, 0, d(j)) we do 
not perform a Legendre transform with respect to a chosen time coordinates, but 
with respect to all space-time coordinates. 

We expect that roughly speaking both the Feynman and the canonical approach 
should lead to equivalent theories. However if this fact is true, it should not be 
trivial for several reasons. A first obvious remark for that is that both theories are 
only heuristics and have no mathematical foundations, excepted in very simplified 
situations. A superficial difference between both approaches is the fact that one is 
based on the Lagrangian, the other one the Hamiltonian function. Moreover these 
two approaches answer to different questions, the Feynman offers a short and intu- 
itive way to compute the quantities which can be measured in interaction processes 
between particles (although one cannot avoid the difficult step of regularizing and 
renormalizing the computed quantities). For the same task, the canonical approach 
seems to be more complicated, however it proposes a scheme to build mathematical 
objects (a complex Hilbert space of physical states and an algebra of self-adjoint 
operators acting on it, corresponding to observable quantities), the construction of 
which requires more effort by using the Feynman integral. But a deep difference 
between both methods is that the Feynman integral is a construction off shell, i.e. 
on the set of all possible fields, even those which are not solutions of the classical 
dynamical equations, whereas in many cases the canonical approach is a construction 
on shell, i.e. on the set of fields which are solutions of the dynamical equations (in 
particular in the covariant phase space method). 

In this paper we shall present briefiy the multisymplectic formalism and the 
covariant phase space and show the strong relation between both theories. To my 
knowledge this relation was discovered by J. Kijowski and W. Szczyrba in 1976 |25] . 
but their beautiful paper seems to have been ignored in the literature. We have 
included some historical comments. We shall conclude by presenting the geometric 
quantization scheme for linear field equations (i.e. free fields in the terminology of 
physicists) in the framework of multisymplectic geometry. The goal is to show how 
a canonical quantization could be performed in covariant way. 
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1 The multisymplectic formalism 



1.1 Maps between vector spaces 

We start with a simple variational problem: let X and Y be two vector space of 
dimension n and k respectively and assume that X is oriented, let U be an open 
subset of X and consider the set C°°(f/, Y) of smooth maps u from U to Y. Let 
L : [/ X X X End(X, Y) — y R be a Lagrangian density and consider the action 
functional on C°°{U, Y) defined by: 



C[u] = / u(x),(iu2;)/3, 
Ju 



where /3 is a volume n-form on U. We use coordinates (x^, ■ ■ ■ on U s.t. /3 = 
dx^ A - ■ - Ada;", coordinates {y^, - ■ ■ , y^) on Y and on End(X, Y). Then the critical 
points of C satisfy the Euler-Lagrange system of equations 

d ( dL \ dL 

' x,u{x),dux) ) = -^(x, u(a;), du^:), Vi s.t. l<i<k. (1) 



^x^^ \dvj^ ' ' J dy 
We assume that the map 



U xY X End(X, Y) — > U xY x End(Y*, X*) 

dv 



{x,y,v) I — > {x,y,j^{x,y,v)), 



is a diffeomorphism: this is the analogue of the Legendre hypothesis used in Mechan- 
ics. We denote by p* = {pi)^,i the coordinates on End(Y*,X*) and we define the 
Hamiltonian function H on U x X x End(Y*, X*) by 

H{x,y,p*) := p'^v^- L{x,y,v), 

where we assume implicitely that v = (f^)^,/^ is the unique solution of f^(x, y, v) = p*. 
Then is actually equal to Moreover to any map u : U — > Y we associate 

the map p* : U — > End(Y*,X*) s.t. p*(x) := ^{x,u{x), du.^), Vx G U. Then we 

can show |15] that u is a solution of ([1]) iff (u, p*) is a solution of the generalized 
Hamilton system: 

du\ . dH . . . ^ , 

^(x) = ^(x,u(x),p(x)) 

dp^ dH ^ ' 

d^^^^ ^ -^(x,u(x),p*(x)). 
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System ([2]) can be translated as a geometric condition [23] on the graph 

r := G(u,p*) := {{x,u{x),p*{x))\ xeUjcUxYx End(Y*,X*). 

Indeed consider a family of n vector fields Xi, ■ ■ ■ , X„ : U — > U xY x End(Y*, X*) 
s.t. for any x E U, {Xi{x), ■ ■ ■ ,Xn{x)) is a basis of the tangent plane to ^(u, p*) 
at {x,u{x),p*{x)). Set := ^ J j3. Then ([21) is equivalent to the condition that 
e X X Y X End(Y*,X*), 

dpf A df A Xi, ■ ■ ■ , X„) = rfff (0/3(^1, ■ ■ ■ , (3) 

In fact this can be easily checked by choosing := ^ + g^g^ + g^g^- More 
concisely we can introduce the n-multivector field X := Xi A ■ ■ ■ A X„ (so that 
X(x) G A"T(2. u(x),p*(a;))r*, e t/). Then Equation ([2]) reads: 

V^GXx YxEnd(Y*,X*), rfpf A A X) = rfi7(0/3(X). (4) 

Equation ([3]) can be completed with the independence condition 

/3|r* ^ 0, (5) 

where, if jr* ■ E* — U xY x End(Y*, X*) denotes the inclusion map, /3|r* := jr*P- 
This condition garantees that locally F* is the graph of some map (u, p*) over the 
'space-time' X. 

We will see now that the independence condition ([5|) can be further incorporated 
in a dynamical condition analogous to ([3]) by adding to the variables {x,y,p*) a 
variable e dual to /3. We define M := U xYxMx End(Y*,X*) with coordinates 

{x,y,e,p*) = {x^,y\e,p^) and the (ra + l)-form 

u}:=deAP + dp^ A dy' A (6) 

We define Ti : M — )• M by 'H{x,y,e,p*) := e + H{x,y,p*). Then to any oriented 
n- dimensional submanifold F* = G(u, p*) we associate the oriented n-dimensional 
submanifold F := {(x, u(x), e(x), p*(x))| x E U} of M, where e is s.t. e(x) + 
H {x , u(x) , p* (x)) = /i, Vx G X, for some real constantly h. Then F* is a solution of 
([2D and ([S|) iff F is a solution of: 

VeGC°°(M,rM), a;(e,X) = rf-H(0/3(X), (7) 
■^W.l.g. we can assume that the constant h is zero, so that F is included in T-L^^{0). 
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where C°°(M, TM) denotes the set of sections of TM over M, which can be identified 
with C°°(M,X X Y X M X End(Y*,X*)). Note that conversely it is easy to check 
that any connected solution F of (JTj) is contained in a level set of l-L. We call a 
Hamiltonian n-curve any solution F of ([7j). The {n + l)-form u is an example 
of a multisymplectic form and the pair (M, u) is called a multisymplectic manifold. 
Using the notation ^ J a; for the interior product of the vector ^ with the (n + l)-form 
w, we set: 

Definition 1.1 Let Ai he a smooth manifold. A multisymplectic {n+l)-form u 
on M. is a {n + l)-form which is closed (i.e. du = 0) and which is non degenerate 
(i.e. Vm eM,\/ie T^M, ^Ja; = 0^^ = 0;. 



1.2 Higher order problems 

The preceding can be extended to an action on maps u : U — > Y of the form 
£[u] := Jjj L{x,j^u{x))P, where j^u denotes the r-th order jet of u (i.e. all partial 
derivatives of u of order less than or equal to r). We denote by J^{U,Y) the r-th 
order jet space of maps from f/ to Y and we use the coordinates x = {x^)^ and 
^ ("^Mi-Majj ^1 ^ (^°^ l<'i</c, 0<a<r and 1 < /ife < n) on J^{U, Y) s.t. 

It is convenient to introduce the multi-index notation M = fii ■ ■ ■ fia, where a G N 
and V6 G |1, a], 1 < /^b < and to set \M\ = a. Then for \M\ = r we note 

nf{x,v):=^{x,v). (8) 

The analogue of the Legendre hypothesis consists here in supposing that the map 
{vl^)i,M;\M\=j- ' — ^ {Pi^)i,M]\M\=r defined by ([8]) is one to one. Next we define the 
vector space M with coordinates: 

i^^v) : xf" v' vi ■■■ v'^^...^^_^ 

for 1 < /i, /if, < n and 1 < i < k. Clearly M contains J^~^{U, Y) as a vector subspace. 
We also define recursively, for \M\ < r — 1, 

■nf\x,v) := ■^{x,v) - D^'k^^^{x,Vm), 
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Then we define a Hamiltonian function on M: 



where we assume implicitely that, for \M\ = r, v}^ = v^^_^...^^ is the solution of 
pf = Ti^{x,v), VM s.t. \M\ = r, and we set pf := 7rf{x,v), VM s.t. |M| < r. To 
any map u from U to Y we associate the map p* which is the image of j'^u by the 
maps vr*^. Then u is a critical point of C iff {j^^^u, p*) is a solution of the generalized 
Hamilton equations [S] 



. dH 

r 

(x, u(x), p*(x)) for < a < r — 1, 



^?^(^) = ^^^(^,u(x),p*(x)) forO<a<r-l 

^pMl-/^./^ ' Qff (9) 



dx^^ dvi, „ 

Alternatively we can consider the map x i — > {x, j^~^u{x), e(x), p*(x)), where e may 
be chosen so that e(x) + if(x, j'"~^u(x), p*(x)) = 0, Vx and we can write ([H]) in a way 
similar to ([7]) by using the Hamiltonian function 

Tii^x, v,p) = e + H{x, v,p*). 

and the multisymplectic form 

u := de A f3 + dpf A dv' A + ■ ■ ■ + dp^^'"^^ A dv'^^...^^_^ A (3^^. 

An intrinsic geometrical multisymplectic formulation of these equations has been 
derived recently by L. Vitagliano [43j . 



1.3 More general multisymplectic manifolds 

Assume that we start with an action C which is an integral of a Lagrangian density 
which depends on the first order derivatives of the field. This may be for instance 
a variational problem on maps u between two manifolds X and 3^ with a functional 
£[u] := L(x, u(x), (iu^,.)/? or a variational problem on sections of a fiber bun- 
dle vr : Z — > X . Then a natural multisymplectic manifold is the vector bundle 
K^T*{X X 3^) in the first case or A.^T*Z in the second case. Both manifolds are in- 
deed endowed with a canonical {n + l)-form uj which is the straightforward analogue 
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of the canonical symplectic form on any cotangent bundle [6l [Ml HH]. We may call 
this manifold the universal multisymplectic manifold associated with the Lagrangian 
problem. Although this construction seems to be similar to the symplectic one for 
Hamiltonian mechanics, it is different because, say for maps between two manifolds 
X and y of dimensions n and k respectively and a first order variational problem, 
on the one hand the Lagrangian density depends on n + k + nk variables (in other 
words the analogue of the product of the time real line and of the tangent bundle 
in mechanics has dimension n + k + nk), whereas on the other hand the analogue of 
the cotangent bundle is A'^T*(X x y) and has dimension n + k+ ^^"j"^-'' . This means 
that we have much more choices in the Legendre transform, which is not a map in 
general but a correspondence, as soon as tt, > 2 and k > 2. 

This is why it is possible and often simpler to impose extra constraints in the Leg- 
endre transform, which means that we replace the universal multisymplectic manifold 
A'^T*Z (whatever Z is: a Cartesian product X x y or the total space of a bundle) 
by some submanifold of it. Most Authors prefer to use the affine multisymplec- 
tic submamfold A^T*Z: if Z = A" x 3^, it is the subbundle of A"T*(A' x 3^) over 
X X y, the fiber over the point {x,y) & X x y of which is the subspace of n-forms 
p G A"T(;. ^)(A' X y) s.t. Vr/i, r/2 G Tyy, (0, %) A (0, m) P = 0. It Z is a fiber bundle 
over X, AjT*^, which is the subbundle over Z, the fiber over z ^ Z of which is the 
subspace of n-forms p G K^T*Z s.t. for any pair of vertical vectors 771,772 £ T^Z, 
rji A r]2 -i p = (by 'vertical' we mean that rji and 772 are maps to G T^(2)A' by the 
differential of tt). In both cases an ri-form reads p = e/3 + p^dy^ A in local coor- 
dinates and the latter theory is actually the right generalization of This theory 
is usually refered to as the De Donder-Weyl theory although it was discovered by 
V. Volterra (see §1.8p . Note that AgT*^^ can alternatively be defined as being the 
affine dual of the first jet bundle of sections of Z over X |14j . 

1.4 Premultisymplectic manifolds 

A variant consists in manifolds equipped with a closed {n + l)-form but without 
assuming a non-degeneracy condition, as for instance in [25]: 

Definition 1.2 We call a triple {Ai,u,P) an n-phase space if Ai is a manifold, 
u is a closed {n + l)-form, called a premultisymplectic form and (3 is a non 
vanishing n-form. 

Examples of premultisymplectic manifolds can be built easily by starting from a 
multisymplectic manifold {Ai,uj) with a Hamiltonian function Ti on it which has 
no critical points (as for instance 'H{x,y,e,p*) = e + H{x,y,p*) for the previous 
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theory). Then we let rj he a. vector field on Ai s.t. dHlr]) = 1 everywhere and 
we set P := rj _i u. For any /i G M the level set Ai^ := Ti'^lh) is a submanifold. 
Then {Ai^, uj\ji4h, f3\j^h) is a premultisymplectic manifold [TS]. In particular oj\j^h 
is obsviously closed but may be degenerate in general: indeed if F is a Hamiltonian 
n-curve contained in Ai^ then any vector tangent to F is in the kernel of ^ i — > ^ -i u. 
In fact an n-phase space {Ai,u) carries an intrinsic dynamical structure: we say that 
an n- dimensional submanifold T of Ai is a Hamiltonian n-curve if: 

Vt; e C°°(7W,Tm7W), {v_iuj)\T = and /3|r ^ 0. (10) 

This definition is motivated by the fact that (if F is connected) F is a solution of 
iff there exists some /i G M s.t. F is contained in A^'^ and F is a Hamiltonian ra-curve 
in the n-phase space {Ai^,u\^h, f3\j^h) (see [H]). However there are examples of 
premultisymplectic manifolds which do no arise from this construction as for instance 
the example in [201 ES] obtained by starting from the Palatini formulation of gravity. 

1.5 Action principle 

We assume here that we are working in an premultisymplectic manifold {Ai,u,(3) 
and that the form u is exact, i.e. is of the form u = dO, where 6 is an n-form on 
Ai. This is true e.g. in a submanifold of A^T*Z, where u is precisely defined as the 
differential of a canonical 'Poincare-Cartan' form 6. To any oriented n-dimensional 
submanifold F we associate the action 

A[T]:=I^9. (11) 

One can then show that any n-dimensional submanifold F on which /3 does not vanish 
is a critical point of A iff it is a Hamiltonian n-curve, i.e. a solution of (JTOl) (see 
|18j). Actually if F is the image of a given configuration by some Legendre transform, 
then ^[F] coincides with the Lagrangian action of the configuration we started with 
|19j . Note that in the case where u is not exact one could define a similar action on 
a homology class of n-dimensional sub manifolds by replacing by J^OJ, where A 
is a (ra + l)-chain connecting F with a particular n-dimensional submanifold which 
generates the homology class. 

1.6 Observable functionals 

An observable functional is a functional on the 'space' of all solutions: this notion 
will be central in the next section concerning the covariant phase space. A partic- 
ular class of such functionals arise in the context of multisymplectic manifolds or 
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premultisymplectic manifolds as follows. In the following we denote by T the set 
of n-dimensional oriented submanifolds {fields) and and by £ the subset of J-" 
composed of Hamiltonian ra-curves. 

In a multisymplectic manifold {Ai,u) 

We define an infinitesimal symplectomorphism of {Ai,uj) to be a vector field 
^ G C°°{M,TM) s.t. L^u = (i.e. the Lie derivative of w by ^ vanishes). Note 
that since u is closed, this relation is equivalent to d{C, J = 0. An important case 
occurs when ^ J w is exact: then there exists an {n — l)-form F s.t. 

dF + ^_\uj = 0. (12) 

Any {n — l)-form F on s.t. there exists a vector field ^ satisfying (fT2|) is called 
an observable {n — l)-form. In the case where n = 1 then F is a function and in 
fact any function on A4 is an observable 0-form because the symplectic form is non 
degenerate. However if n > 2 then an arbitrary {n — l)-form on Ai is not observable 
in general, but if it is so then the vector field ^ s.t. f lT2|) holds is unique: we shall 
denote it by ^p. Observable [n — l)-forms can be integrated over hypersurfaces in an 
n-curve to produce observable functionals. For that purpose, given some Hamiltonian 
function "H on we define a slice S to be codimension one submanifold of Ai s.t. 
for any Hamiltonian n-curve F the intersection of S with F is transverse. We also 
assume that S is co-oriented, which means that Vm G S the 1-dimensional quotient 
space TmA^/TmF is oriented. Then we can endow S fl F with an orientation and 
define 

j F- ^ — ^ ^ 



F 




Then one can recover two important notions in the semi-classical theory of fields. 
First one can define a bracket between observable {n — 1) -forms F and G by the 
formula 

{F, G}:=iFAiG^uj = iF^dG = -ic J dF 

Obviously {F, G} is also an {n — l)-form. Moreover one can prove that it is also 
observable and that ^{f,g} = [^f,^g] |23l EH]. Then the set of observable (n — 1)- 
forms equipped with this 'Poisson bracket' becomes almost a Lie algebra (it satisfies 
the antisymmetry relation {F, G} + {G, F} = 0, but not the Jacobi identity; we have 
instead {{G, H}, F} + {{H, F}, G} + {{F, G}, H} = d{^F A^c^^H-ico), which, in 
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the case where n = 2 can be understood as a Lie 2-algebra structure pLj). However 
we can define the bracket 

which coincides with the Poisson bracket on functionals on fields used by physicists. 
We will also meet an interpretation of this bracket in the next Section. 

A second important notion is the relation between observable forms and the 
dynamics. Indeed if F is a Hamiltonian ra-curve and if F is an observable {n — 1)- 
form then one can use the dynamical equation ([7]) with the vector field C,f- It gives 

us, Vm e r, vx g A'^TmF, 

dF{X) = -u{^p, X) = -dH{ip)l3{X). (14) 

Hence we see that if dTil^p) vanishes, then dF\r vanishes. This implies by using 
Stokes theorem that the restriction of the functional F to the set S of Hamiltonian 
n-curves does not depend on S but on its homology class. For that reason we say 
that an observable (n — l)-form F is dynamical if dTi^^p) = 0. 

In a premultisymplectic manifold {Ai,u,P) 

The definition of an observable (n— l)-form F, of the bracket and of the observable 
functionals F can be adapted mutatis mutandis to the case of an premultisym- 
plectic manifold {Ai,u,P). The difference is that in such a space the dynamical 
condition d7i{C,) = is empty (think that Ai is the level set of some Hamiltonian 
function on a multisymplectic manifold, then the fact that ^ is tangent to this 
level set forces it to be in the kernel of dTi). Hence any observable {n — l)-form is a 
dynamical one. 

Moreover if u is exact, i.e. u = dO, we know that Hamiltonian n-curve are 
critical points of the action (ITTl) . We can thus see that dynamical observable (n — 1)- 
forms correspond to symmetries of the variational problems and the conservation law 
dF\r = for a Hamiltonian n-curve F is nothing but Noether's first theorem |30l[28]. 
Indeed for any observable {n — l)-form F, 

L^^e = d{^F -AO) -^de = d{iF -Ae)+iF-^^ = d{^F -AO-F). 

Hence L^^O is exact, so that is a symmetry of the action 6* up to a divergence 
term. The conserved current is just F\y. 
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1.7 Hamilton— J acobi equations 

The Hamilton-Jacobi equation for a Hamiltonian function H on a multisymplectic 
manifold of the form hJ^T*Z (or on a submanifold of it) is the following equation on 
an [n — l)-form S on Z (i.e. a section of the vector bundle K^^^T*Z — > Z): 

H{z,dS,)=0. (15) 

Alternatively the unknown may be chosen to be A := dS: we then require that A 
is a closed n-form on Z (or a section A of A"'T*Z — > Z s.t. X*u = 0) which is a 
solution of X*^ = 0. 

Then if for instance Z = X xy, and if we denote by vr the projection from X xy 
to X, A := n*dS provides us with a null Lagrangian functional j^X on X (i.e. a 
Lagrangian density which satisfies the Euler-Lagrange equation for any map). In 
constrast with non relativistic quantum Mechanics, the usefulness of this equations 
in the quantization of fields is not clear for the moment. One of the interests of 
the Hamilton-Jacobi equation is that it allows in principle to prove under some 
circumstances that some solutions of the Euler-Lagrange system of equations are 
glogal minimizers, by following a classical strategy designed by K. Weierstrass and 
D. Hilbert (see [HI El |36]). This strategy is the exact analogue in the general theory 
of calculus of variations of the theory of calibrations used in minimal surfaces. 

Note that one could impose extra conditions such as requiring that A = ds^ A 
■ ■ ■ A (is", where s^, ■ ■ ■ , are functions on Z plus the fact that the graph of A is 
foliated by solutions to the Hamilton equations (this provides then a generalization 
of the picture built by Hamilton in order to conciliate the Fermat principle with the 
Huygens principle): this was achieved by Caratheodory [2] in his theory (see §1.8p . 

1.8 Some historical remarks 

The generalization of the Hamilton equations to variational problems with several 
variables developped first along two directions. One of these is the question of de- 
ciding whether a given solution to a variational problem is a minimum of the action 
functional. This question was answered locally for 1-dimensional variational prob- 
lems by C.G.J. Jacobi (by following a remark of Legendre) in 1837 [22] by founding 
a method to check that the second variation is nonnegative which is based on so- 
lutions to the so-called Jacobi equation. Note that this method was extended to 
several variables by A. Clebsch [4j in 1859. Later on a global, nonlinear version 
of these ideas was developped by K. Weierstrass and D. Hilbert to prove the min- 
imality of some solutions. This theory is connected with another famous work of 
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Jacobi of the same year (1837), who obtained the Hamilton-Jacobi equation [21] 
by generahzing the work of Hamilton relating the Fermat principle to the Huygens 
principle. In 1890 V. Volterra wrote two papers |l5l HE] where, to my knowledge for 
the first timel^l, two different generalizations of the Hamilton system of equations to 
variational problems with several variables were proposed. In ^6] Volterra extended 
the Weierstrass-Hilbert theory to variational problems with several variables. This 
theory was further developped by G. Prange in 1915 [32] and by C. Caratheodory in 
his book in 1929 [2| and is called today the Caratheodory theory. In 1934 H. Weyl 
[17], inspired by Caratheodory's theory, proposed a variant of it which is based on 
the same theory as the one proposed by Volterra in [15] and that we described in 
§1.11 Today this theory is called the De Donder-Weyl one by many Author^. Its 
geometrical framework is the affine multisymplectic manifold AgT*^. 

A second direction was the notion of invariant integrals due to H. Poincare [33] 
and further developped by E. Cartan [3] in 1922: here one emphasizes the relation- 
ship of Hamilton equations with the search of invariants which may be functions or 
differential forms. This point of view is strongly related with the covariant phase 
space theory (see §2.11 below). This theory was developped in full generality by T. 
De Bonder [S] in 1935 and his main contribution was to deduce the extension of the 
affine ('De Donder-Weyl') theory to Lagrangian densities depending on an arbitrary 
number of derivatives, i.e. to the theory expounded in §1.21 Hence although Weyl's 
and De Donder's contributions are almost simultaneous they are independant in their 
inspiration: Weyl starting point was the so-called Caratheodory theory, motivated by 
the search for generalizations to several variables of the Hamilton-Jacobi equation, 
whereas De Donder's starting point was the theory of integral invariants. 

The fact that a continuum of different theories may exists for a given variational 
problem was first understood by T. Lepage [29] in 1936 and completely described by 
P. Dedecker in 1953 [6]. Today we can picture these various theories as submanifolds 
of the universal multisymplectic manifold K^T*Z introduced by J. Kijowski [21] in 
1974. 

Recently the so-called De Donder-Weyl theory (but that we should call the 'first 
Volterra theory') has beed studied by many Authors starting with the important work 
by the Polish school around 1970, i.e. by W. Tulczjew, J. Kijowski, W. Szczyrba 
and later on in many papers which are refered to in e.g. [TTl ITT] . However the 
Lepage-Dedecker theory has received much less attention (to my knowledge it was 



•^This was followed by a work by L. Koenigsberger [27] in 1901, quoted by T. De Bonder in j8], 
which unfortunately I have difficulties to understand. 

^including, in previous papers, the Author of this note, who ignored until recently the work of 

Volterra 
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only considered by J. Kijowski [24], F. Helein, J. Kouneiher [191 EOl [Ej and M. 
Forger, S. V. Romero [ID]), probably because of its complexity. The latter theory 
leads however to interesting phenomena, particularly for gauge theories [T9l [T7] , since 
first class Dirac constraints simply disappear there. 

The modern formulation using the multisymplectic {n + l)-form as the key of 
the structure of the theory seems to start with the papers of J. Kijowski [23], H. 
Goldschmidt and P. Sternberg [16] in 1973 and the introduction of observable (n — 1)- 
forms apparentely goes back to the work of K. Gawedski [15] in 1972. 



1.9 An example 



Let X be the n-dimensional Minkowski space-time with coordinates x = {x^, x^, 
and consider the linear Klein-Gordon equation on X: 

Dip + m'^ifi:= - Aip + m^ip = 0, (16) 

where t = x'^ and A := X]r=/ (fx^y^ ■ notations x := {x^ , ■ ■ ■ , G M""-*^ 

and X = x) G M"" and we define the Euclidean scalar product x-y := x^y^ + ■ ■ ■ + 
^n-iyu-i and the Minkowski product 

x-y = ri^^x^'y" = - x^y^ = x°y° -x-y, 

on X. The multisymplectic formulation of (JT6i) takes place in Ai := A^T*{X x M), 
equipped with the multisymplectic form 

oj := de A j3 + dp'' A dcp A P^,. 

Note that uj = d9x, where 

:= e(3 + Xp'^d^ A - (1 - X)^dp^ A 

where A G M is a parameter to fixed later. The Hamiltonian function on Ai corre- 
sponding to solutions of (fT6|) is 

n{x, if, e, p) -.= 6 + ^ri^^p^'p" + ^mV^- 

To a solution ip of ( !T6|) we associate a Hamiltonian n-curve F = {(x, ip{x), e{x),p{x)) \ x 
X} which satisfies 

p^(x) = r]^^^{x) 



e{x) = — V Tr-{x)—^{x) m''(p{xY. 
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We define E to be the set of Hamiltonian n-curves s.t. for all time t, x \ — )■ ^^(t, x) is 
rapidly decreasing at infinity. 

We denote by *P^~^A^ the set of dynamical observable (n — l)-forms F and 
sp^Al := {i I L^cu = 0, dn{i) = 0}. Note that (n- l)-forms F in ^^"^Al are found 
by looking at vector fields ^ in spy^Ai and by solving ^ J a; + dF = 0. They are of 
the form 

F = C-ie + F^, 

where C is a vector field on the Minkowski space-time X which is a generator of the 
action of the Poincare group and 

where $ is a solution of ffT6l). Note that moreover 



In the following we shall denote by 



:= A J 0, 



and we observe that since L_a_6x = 0, we have dPn + -rf-^ J u; = 0. Hence = 
a 

The brackets of two dynamical observable forms F,G & Ai are given as 



follows: for any pair $, of solutions of f[T6|l . 

= ry'^^ (^(x)^(x) - *(^)^(^)) /5m- (18) 

We observe that d{F^,Fq,} = 0. Hence (^^"^A^, {-, ■}) can be understood 
kind of central extension of the Lie algebra (sp^A^, [■,■]) and the Lie sub algebra 
spanned by forms F$ as an infinite dimensional analogue of the Heisenberg algebra 
with central charges given by (ITSl) . Lastly 



{n''^F,} = L^F,-d(^-^^F,yFe^-d^-^^F,'j 
and {P(^\pi^)}=0. 



(19) 
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For the purpose of quantization we look at functionals of the form T = 
which are simuhaneously eigenvectors of the hnear operators 



for /i = 
tion 
/i = 

of ( !T6|l we must then have 



, n — 1 . We find by using relation f|T9|) that the eigenvector equa- 

3S (by using the eigenvalue equation for 
But because $ should also be a solution 



tion reduces to ^ = c$. This implies (by using the eigenvalue equation for 
/i = 0, ■ ■ ■ ,n - 1) that $(x) = ae*'''^. 



(20) 



(We remark that the maps {j^P^\ ■} play the role of the generators of a Cartan 

subalgebra.) Let us denote by C the mass shelly i.e. the set of all k = {k^, k) e M'* 
which are solutions of f l2U]) . This set actually splits into two connected components 
according to the sign of k^: we let := {k eC \ k^ > 0}. For any A; G C+ we define 



Oik 



F ■ ^3 



—i 



The vector fields associated to these observable forms are: 



-ik-x 



k" 



d 



d_ 

de 



27r 



;— 

'dip 



We then define the observable functionals 



and 



As the notations suggest these functionals are the classical analogues of respectively 
the annihilation and the creation operators. The advantage however is that our 
functionals and are independant of the coordinate system. We can choose E to 
be the hyperplane = t = and, for any function /, denote by /|o the restriction 
of / to S. Then, for any F G £^ we have 



afc(r) 



dip 
'dt 



o(f) - ik^(p\Q{x) 



''^■^dx = i^\o{k) + kWoik), 
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where, for all function ip on 



il){k) := 3 / i){x)e-"'-''dx. 



Similarly we have: 



Hence we deduce that 

Mk) = ^ K(r) + al(r)) and ^\o{k) = ^ (a.(r) - ai(r)) , 



where = {k^,k) := (k^,—k). Thus denoting dn(k) = ^dk^dk'^dk^ = ^dk, we 
have 

V27r 

^ ^ rf/i(A;) (afc(r)e-*" + a*(r)e'^-") 



and 



27r 



2/ Jc^ 

Recall that these integrals can be interpreted as integrals over C"*" through the 
parametrization M.^ 3 k 1 — > {k^,k) G and that dfi is a measure on C"*" in- 
variant by the action of the Lorentz group. Note also that in order to agree with 
some textbooks one should add an extra factor y/k^ inside the integrals. By using 
the relation ( ITSl) we obtain, \/k,£ E C"*", 



-i{k+£)-x 



1 p 
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These brackets cannot be integrated over the shce S := {x° = 0} in the measure 
theoretical sens^, but one can make sense of their integrals as distributions over the 
variables k ±£ eM.^: 

{ak,ae} = {al,al} = 0, Mk.ieC'^, 

and 

{ak,a*f} =i2k^5{i- k). 

A way to regularize these operators and their brackets is, by using functions f,g& 
L2(C+), to define 

ttf := / dfi{k)f{k)ak, and a* := / dfi{k)g{k)al. 
Jc+ Jc+ 

Then 

{aj, a*g} = i J^^ d^i{k)f{k)g{k). 



2 The covariant phase space 
2.1 A short historical review 

The simplest version of the covariant phase space is the set £ of solutions of a Hamil- 
tonian time evolution problem. In this case the Cauchy problem consists in choosing 
some point Mq in the ordinary phase space (classically positions and momenta) and 
some time and in looking for solutions of the Hamiltonian vector flow which co- 
incide with Mq at time to- This problem has an unique solution in all regular cases 
and this means that £ is in one to one correspondence with the set of initial data 
{Mq}. In other words to each time to it corresponds a natural 'Cauchy coordinates 
system' on £, which is just the set of initial conditions {Mq}. The key property 
is that the Hamiltonian flow preserves the symplectic structure: this means all the 
symplectic structures induced by these 'Cauchy coordinates systems' on £ coincides. 
Hence this defines a canonical symplectic structure on £. The substitution of the 
ordinary phase space by the space of solutions is a classical analogue of the transition 
from the Schrddinger picture to the Heisenberg picture in quantum Mechanics: in 
the Schrodinger picture the dynamics of a particle is described by the evolution of 
some time dependant 'state' which is represented by a complex line in some complex 

^in contrast with the integrals /^^r '^k and J^^^ '^k which exists if the restrictions to E of and 
of its time derivative are Lebesgue integrable 
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Hilbert space (the quantum analogue of a point in the ordinary phase space), whereas 
in the Heisenberg picture the state (still a complex line in a complex Hilbert space) 
does not evolve with time so that it may be interpreted as a quantum analogue of a 
solution of the dynamical equations, i.e. of a point in £ (actually more precisely on 
a Lagrangian submanifold in the phase sapce, according to A. Weinstein). 

In Mechanics this concept is relatively old: the idea of contempling the space of 
solutions of a mechanical problem itself has probably his roots in the method of the 
variation de la constante of J.L. Lagrange and the notion of 'Lagrange bracket' is very 
close to the symplectic structure on the phase space. The observation that this space 
carries an intrinsic symplectic structure was clearly formulated by H. Poincare [33] in 
his theory of invariant integrals {invariants integraux) and later further developped 
by E. Cartan [3] and fully recognized by J.M. Souriau [39]. T. De Bonder [7] extended 
the notion of integral invariant to variational problems with several variables, being 
hence very close from the notion of covariant phase space in this context, although it 
is not clear that he realized it. Actually it seems difficult to decide when the concept 
of covariant phase space in fields theory merged out. My own guess is that such an 
idea could also have been inspired by quantum fields theory, since it may be thought 
as the classical analogue of the Heisenberg picture in quantum fields theory. First 
known works in this direction are the R.E. Peierls bracket in 1952 [31], followed by 
the paper of I. Segal [37] in 1960. Peierls defined a bracket on the set of solutions to a 
relativic hyperbolic wave equation which can be understood now as the restriction of 
the Poisson bracket associated to the covariant phase structure on a certain class of 
functionals on the phase space. Segal proved that the set of solutions of a non linear 
field relativistic wave equation precisely carries a symplectic structure and proposes 
to use this symplectic structure to quantize fields (and his paper is among the ones 
at the origin of the geometric quantization method). This idea was later developped 
in a more and more general framework by P. L. Garcia [12] in 1968, Garcia and A. 
Perez-Rendon [13] in 1971, H. Goldschmidt, S. Sternberg [TB] in 1973. To my opinion 
the more achieved presentation is the one by J. Kijowski and W. Szczyrba [2S] in 
1976, which gives the first elementary but general presentation of this structure, by 
using the multisymplectic formalism. 

A more recent apparition of this idea can be found in the papers by C. Crnkovic 
and E. Witten [5] and by G. Zuckerman [18], where the Authors apparentely ignored 
the previous references and have rediscovered this principle, being guided by the 
concept of the variational bicomplex by F. Takens [IQ] and from the work of A.M. 
Vinogradov [H]. This was followed by several developments in the physical (e.g. [9j) 
and the mathematical literature, where this principle is often refered to as the Witten 
covariant phase space. A general presentation in the framework of the secondary 
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calculus of Vinogradov was done by E. Reyes [34] and L. Vitagliano in and in 
relation to multisymplectic geometry (as in the present paper) by M. Forger and S.V. 
Romero in |10j . 

2.2 The basic principle 

We expound here briefly the principle of the covariant phase space using the mult- 
symplectic formalism. Our presentation will be heuristic and we refer to [251 IB] for 
details. We assume that we are given a premultisymplectic manifold {A4,u,P) (see 
§1.41) and, as in §1.5[ that u is exact, i.e. u = d9, for some n-form 9. We note S 
the set of Hamiltonian n-curves in {Ai,uj,(3), i.e. the set of oriented n-dimensional 
submanifolds F C which satisfy ( ITU]) . Given some T G £, the tangent spac^ to 
£^ at F represents the set of infinitesimal deformations 5F of F which preserves the 
equation ffTOj) . Such a deformation ST can be represented by a vector field ^ tangent 
to Ai defined along F, i.e. a section over F of j^TAi, which is the pull-back image 
of the tangent bundle TAi by the embedding map jr • T — > Ai. Given ST, the 
vector field ^ is of course not unique, since for any tangent vector field C on F (i.e. a 
section of the subbundle TF C jpTA^), ^ + ( represents also 6T. If so we write: 

Moreover the condition on (5F of being tangent to S forces ^ to be a solution of the 
Jacobi equation: 

yv e C^{M,Ty,M), (v J L^Lo) Ir = 0. (21) 

Note that, although ^ is not a vector field defined on Ai (neither on a neighbourhood 
of F in A^) but only on F, one can make sense of L^u\r because F is a solution of 

m- 

Then for any slice S (see §1.6p . any T & S and 5F G Tr£, we define 

eF(5F):= / ^^6, 

where ^ is a section of j^TAi over F s.t. 5F = J ^ and ^ J 6' is the interior product 
of 9 by ^. This hence define a 1-form 0^ on £ 

^Note that since S may not be a manifold in general, the usual definition of a tangent space 
should be replaced by a suitable notion, see [25l [18] 
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2.2.1 The dependance of 0^ on S 

This is the first natural question. For that purpose let us consider a smooth 1- 
parameter family of slices {^t)t and compute the derivative: 

But Ad) = Li:d - i AdO and thus 

However we can assume w.l.g. (see [18]) that the vector fields ^ and ^ admit exten- 
sions s.t. ^] = 0. Then the preceding relation gives us 

Hence 

First let us consider a smooth curve s i — )■ F^ G £^ s.t. Fq = F and ^ = 5V. Then 



the first term in the r.h.s. of fl22|) is equal to 

= 5S/' (5F), 



L (- _ie] = - I f -a9 



s=0 



where we have posed: 

S^{T):= -a9. 

Second we can assume w.l.g. (see pSJ) that we can choose ^ in such a way that it 
is tangent to F. Let (X2, ■ ■ ■ , X„) be a system of tangent vectors on F s.t. Vt, Vm G 
n F, (X2(m), ■ ■ ■ , X„(m)) is a basis of T,,{J:t n F) and (|(m), X2(m), ■ ■ ■ , X„(m)) 
is a basis of TmF. Then if ■?/' is a n-volume form on F s.t. V^^^, X2, ■ ■ ■ , X„) = 1, the 
second term in the r.h.s. of (122|) reads 

^A^AUJ = - [ uj(^,^,X2,--- ,Xn)^ 
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and vanishes because of the Hamilton equations ( ITOl) . Lastly we assume that the 
restriction of ^ to fl F has compact support or is rapidly decreasing: this occurs 
for instance if the Hamilton system encodes hyperbolic wave equations, if S is a 
level hypersurface of some time coordinate and if we impose that the Hamiltonian 
n-curves in S have a prescribed behaviour at infinity in space for all time. Then the 
last term in the r.h.s. of ( l22l) vanishes. Then Relation ( !22l) can be rewritten 

— (e^*(5r)) = ss/' (ST), V(5r e t^e 

UjV 

or 

|(e-0=^^^. (23) 

We can also define the functional 



sg(r) := / e 

Jrn{ti<t<t2} 



which represents the 'action' between the slices Si := {t = ti} an S2 := {t = t2}. 
Then S'l'^(r) = j^^ S~dt{T)dt and thus we deduce by integrating fl23|) over [^1,^2] 
that 

_ qEi _ ^^g^ ^24) 

2.2.2 The symplectic form 

In view of the preceding we are led to the conclusion that, although the 1-form 
depends on S, its differential 59^ does not depend on S since f lM|) tells us that 
QS2 _ qSi jg exact form. Of course one should be careful in using the identity 
5 o 5 = since £ is not a smooth manifold (see [TH] for a rigorous proof that 50^ 
does not depend on S). All that motivates the definition of the following 2-form on 
S: 

n := 50^. 

We will prove that Q has the following expression: V^iF, S2T G Tr£, 

nr{6iT,62T) = [ ^1 A6 Jw, (25) 

where ^1,^2 are sections over T of j^TAi s.t. ^iF = J^^C^i and 62T = /p^2- To prove 
(!25l) we need to compute 50p(5iF, (52F). For that purpose we first assume that we 
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can extend the two tangent vectors ^iF and 62T to commuting vector fields on S 
around T (actually we can assume that [^5^2] = 0). Then 



\7snr / \Jsnr / 

Thus 

5eF(5ir, 62T) = [ L^, (6 J ^) - / L^, (6 J 0) ■ 

Jsnr Jsnr 
We use then the following identity (see [H]): for any pair of vector fields Xi and X2 
and for any p-form /3, 

Lx,{X2 J /3) - Lx,{X^ J /3) = Xi A X2 J + [X,,X2\ J /3 + rf(Xi A X2 J (3). 

Setting Xi = C^i, X2 = ^2 and (3 = 9, we obtain using [^1,^2] = and d9 = u that 
L^, (6 J ^) - L^, (6 J ^) = ei A 6 J ^ - ^(6 A 6 J Thus 



<5e^(<5ir, 52r) = / a 6 j - a 6 j (26) 

^snr 

Hence if we assume that the restriction of and ^2 to fl F has compact support 
or is rapidly decreasing (as in the preceding paragraph) we obtain (!25|) . 

Hence we conclude that, under some hypotheses, one can endow the set £ of so- 
lutions to the Hamilton equations with a symplectic form Q given by (125 p . This form 
does depend not on S under the condition that the boundary terms /^^^pp d A -\ 9) 
in (!22|) and — /j^pip d{^iA^2 -I 9) in (!26l) vanish. This means that, on each slice S, the 
Jacobi vector fields C,, ^2 decreases sufficiently rapidly at infinity. Such a condition 
is true if, for instance, the manifold A' is a Lorentzien manifold, the slice S is (a 
lift of) a spacelike hypersurface of X and we impose in the definition of S that all 
Hamiltonian ra-curves F in £^ are asymptotic to a given 'ground state' Hamiltonian 
n-curve Fq at infinity on each slice S. 

With such a symplectic structure Q on S we can define a Poisson bracket on 
real- valued functionals on S, which is nothing but f ll3p . 



2.3 A geometric view of the proof 

We can give an alternative proof of Relation ( 12^ with a more geometric flavor. We 
will be even more heuristic, however the validity of our argument is strongly based 
on the fact that the Lagrangian action can be represented by (ITT]) . For that purpose 
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imagine that our problem models a hyperbolic time evolution problem and that there 
are well-defined notions of time and space coordinates on M. (as it is the case for 
any wave equation on a curved space-time). 



Consider a Hamiltonian n-curve T and let V be another Hamiltonian n-curve, 
which we suppose to be close to F. More precisely we assume that T' = T+66T + o{e), 
where £ > is a small parameter : by this condition we mean that there exists a 
vector field CeC^{M, TM) s.t. 5T = J^^ and V is the image of T by the fiow map 
e^^. We also assume that, for all 'time', V is asymptotic to F at infinity in space. 
Let Si and S2 be two slices, assume that these slices are space-like hypersurfaces 
and, in order to fix ideas, we suppose that S2 is in the future of Ei. These slices 
cross transversally F and F' and we denote by ai (resp. (T2) the piece of Ei (resp. 
E2) which is enclosed by the intersections with F and F' (see the picture). We also 
denote by F_ the part of F which is in the past of Ei, by F_|_ the part of F which is 
in the future of E2 and by Fq the part of F' which is between Ei and E2 (see again 
the picture). Lastly we consider the (not necessarily Hamiltonian) n-curve F^, which 
is the union of F_, ai, Fq, (J2 and F+. Of course F^ is not smooth, but it can be 
approached by a sequence of smooth n-curves, so that the following makes sense. We 
also endow F^ with the orientation which agrees with that of F on F_ U F+ and with 
that F' on Fq. 

Let us use that fact that F is a Hamiltonian n-curve, hence a critical point of 




Figure 1: A geometric comparison of G^^ 



((5r) with 



{6r) 
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(fTTl) . It implies that 



e= / e + o{e). (27) 



However the l.h.s. of ( 1271) can be decomposed as 



wheras its r.h.s. is 



9=1 9+ I 9 + J 9+ I 9 



9 + o{e) = 9+ 9+ 9 + o{e) 
r Jr^ Jfo Jt+ 



where Fq is the part of V between Si and S2. Hence (ETll reduces to 



9+\ 9- 9\+ 9 = o{e). (28) 

ai yJ r'g J To J J CT2 

We now recognize that, on the one hand, /^^ 9 = eQ^^ {6r)+o{e), J^^ 9 = —eQ^'^{6r) + 
o{e) (the sign being due to the orientation of (72). On the other hand J^^ 9 = S'l'^(ro) 
and 9 = ^g(r'o) = 5g(ro + eSTq) + 0(e). Hence ([28]) gives us 

ee^H^r) + e (55g)p (ST) - eQ^%6r) = o{e). 
Thus by dividing by e and letting e tend to 0, we recover (ITTj) . 



3 Geometric quantization 

We address here the question of building a geometric quantization scheme, or at 
least a prequantization scheme for fields based on the covariant phase space struc- 
ture. This was more or less the programm envisioned by G. Segal in 1960 ^37j. We 
present here some attempt of that by using the multisymplectic theory on a very 
elementary example, which is the one presented in §1.9[ 



Canonical vector fields on the set of solutions £ 



We can associate to each F G Ai a tangent vector field Ep on £ wich is given 

by 



24 



In the case of the Klein-Gordon equation ( IT6l) it is interesting to represent solutions in 
£ by local coordinates. The more convenient way is based on the Fourier transform: 
any Hamiltonian n-curve F is characterized by a solution ip to ( IT6l) and by writing 

^{x) = [ dfi{k) (uke-'"-'^ + ule'"-'') , (29) 

V2^ Jc+ 

we get formally a map 

if I — > {uk,ul)kec+- 

Note that the image of £ is characterized by the reality condition Uk = u^., "^k E . 
We can obviously extend this map to the complexification £'^ of £ and then this map 
is an isomorphism. 

The creation and annihilation canonical transformations 

Now given some function / G L^(C+) consider 

/ dfi{k)f{k)ak = ^^ [ dfi{k)e"'-''f{k){p^-i^k^)P^. 
Jc+ V27r Jc+ 

(Note that the observable functional a/ defined in §1.9l is obtained by integration of 
aj over a slice.) Then 

is completely characterized by the fact that it preserves u and dTi and through its 
action on ip: 

d^{if) = ^ [ dfi{k)e^'-f{k). 

Jc+ 

We can easily integrate ^/ on and its action on J^: 

U{s,ip) = ifi + s^^ [ dfi{k)e'^-''f{k). 
V27r Jc+ 

In terms of the coordinates {uk,ul)kec+ it gives: 

U {s, Uk, ul) = (ufc, ul + isf{k)). 
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Hence we can symbolically denote 

d 



[ m- 

Jc+ ' 



There is no integration measure used here, the sign J stands uniquely for summing 
linearly independant vectors: the meaning is that 



2% JC+ / V27r JC+ 

A completely analogue computation can be done for 

Jc+ V27r Jc+ 

where g e L^(C"'"). Denoting ^* := ^a* we have 

d^iCg)^^ I d^i{k)e-^'-^gik). 
V2n Jc+ 

Hence S* := S^* is given by 



Spacetime translations 



We now look at the canonical vector fields on £ associated with spacetime translations 
P(^, where is constant vector field on X. We recall that = C- We must 

understand the induced vector field on J-'. Let U{s, ■) be the flow mapping of the 
vector field (: U (s, x, ip, e, p) = {s,x + (, ip, e, p). Then the image of 

r — {{x, ip{x), e{x),p{x)) I X e X} C S 

by U{x,-) is 

Fs = {{x, (p{x - sC), es{x),ps{x)) I X e X}, 

where the value of es{x) and Ps{x) is completely determined by the constraint that 
Tg C £ and by the knowledge of (p{x — s(). This can be proved by a simple change 
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of variable. Similarly we determine the action of on the coordinates {uk,ul.)k(^c+ 
by computing its action on ip: 



(S^(^)(a;) = 



Hence 




Geometric prequantization 

We recall very briefly the prequantization scheme due to B. Kostant and J.-M. 
Souriau (generalizing previous constructions by B.O. Koopman, L. Van Hove and 
I. Segal, see [251 ES])- We let (A^,w) be a simply connected symplectic manifold 
and we assume for simplicity that there exists a 1-form 6 with u = dO. We consider 
the trivial bundle £ := x C and denote by r(A^, C) the set of square integrable 
sections of C Using 9 we can define a Hermitian connection V acting on r(A^,£) 
by 

G r(M, TA^), G r(A^, £), Vgv^ = e ■ ^ - '-e{Oi^. 

Then to each function F G C°°(A^, M) we associate the operator F acting on T[M., C) 

Fij = Fi: + ^V^,^ = {F- 9{^f)) ^ + ■ ^, 

where dF + _i u = 0. This construction is called the prequantization of w). 
For instance if {Ai,u) = (M?"',dpi A dq''), then u = d9, with 9 = Pidq^ and = 
+ ih-^ and Pi = —ih-^. Of course one needs further restrictions in order to 
recover an irreducible representation of the Heisenberg algebra (and hence the stan- 
dard quantization): this will be the purpose of introducing a polarization and a 
tensorization of the line bundle C with the bundle of half volume forms transversal 
to the leaves of the polarization (see [261 138]). 

We will propose an extension of this procedure to our setting, concerned with the 
quantization of fields. We consider the trivial bundle C := ^ over £'^, where 
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S'^ is the complexification of the set of solutions to the Klein-Gordon equation ( IT6l) 
as before. On the set T{S'^, C) of smooth sections of C (we are here relatively vague 
about the meaning of " smooth" ) we define a notion of covariant derivative along any 
vector field of the type Ep, where F G T{S''^, C) by 

where 9 = 9x- Then we define the prequantization of F G ^^^Ai to be the operator 
acting on T^S"^, C) by: 

Prequantization of the creation and annihilation observables 

We look here for the expressions of the prequantization of and a* given in §1.9[ 
We first set the fact that if ip is given in terms of {uk, ul)kec+ by fl2^ . then 



2P 



and 

1 f r - n Uk — 



where k = —k). We deduce the following 

aj = ^ [ dx [ i-*V(^)(y,(0,f)A:0 + ^/(0,f)) 
snr v27r ^'IR" Jc+ •^^ 

dk fuk + ul Uk-u^ 



Similarly 



"9 = / ^9{k)ul. 



snr 



We moreover observe that 
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and similarly ^* _\9 — Hence 

/ , / dkf{k) f f dkg{k) , 

Jsnr Jc+ ^'^ ^ -/snr ^'^ ^ 

Using the previous results we can now express, for e r(£^'^, £), 

V,. . . 4 (/^ . . ^ « /< 4 (i Jf^-) ' 

and 

For the prequantizations we obtain: 
and 

We observe that we have formally [a/, a/'] = [ag,^^'] =0 and 
Prequantization of the stress-energy tensor 

It relies on finding the prequantization of P^"^^ = C,'^pIi'\ In principle one should 
compute the functionals of P^^^ and J-^^pW -I Ox- But as observed in the previous 

section we have P^'^^ — ( _i6x — ^^(a) J 6x because Liec^Ox — 0. Hence P'^^^ — 

^p(A) J = and so the prequantization of p9^^ is just 
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snr 




Note that if we need to compute Pq^\ it is more suitable to set A = 1, since it gives 
then the standard expression for the stress-energy tensor. For instance, if C = ^ 

p(l) 

gives the total energy in the frame associated with the coordinates . 
Introducing a polarization 

We choose to impose the extra condition Vhj'?/' = 0, Vt? (covariantly antiholomorphic 
sections), which gives us: 

(1 f dk \ 

The advantage of this choice is that all observables functional (creation and annihi- 
lation, energy and momentum) of are at most linear in the variables {uk,ul), hence 
we do not need to use the Blattner-Kostant-Sternberg correction for these operators 
f2E[ [55] . As a result P|0) = 0, so that the energy of the vacuum vanishes without 
requiring normal ordering. However we did not take into account the metaplectic 
correction, which requires a slight change of the connection: if we would do that we 
would find that the vacuum as an infinite energy (as in the standard quantization 
scheme), which can be removed by a normal ordering procedure. The mysterious 
thing here (as was already observed) is that by ignoring the metaplectic correction 
(which however is fundamental for many reasons) we do not need the normal ordering 
correction. 
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